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The assessment of viscoelastic properties of soft tissues is enjoying a growing interest in the field
of medical imaging as pathologies are often correlated with a local change of stiffness. To date,
advanced techniques in that field have been concentrating on the estimation of the second order
elastic modulus ���. In this paper, the nonlinear behavior of quasi-incompressible soft solids is
investigated using the supersonic shear imaging technique based on the remote generation of
polarized plane shear waves in tissues induced by the acoustic radiation force. Applying a
theoretical approach of the strain energy in soft solid �Hamilton et al., J. Acoust. Soc. Am. 116,
41–44 �2004��, it is shown that the well-known acoustoelasticity experiment allowing the recovery
of higher order elastic moduli can be greatly simplified. Experimentally, it requires measurements of
the local speed of polarized plane shear waves in a statically and uniaxially stressed isotropic
medium. These shear wave speed estimates are obtained by imaging the shear wave propagation in
soft media with an ultrafast echographic scanner. In this situation, the uniaxial static stress induces
anisotropy due to the nonlinear effects and results in a change of shear wave speed. Then the third
order elastic modulus �A� is measured in agar-gelatin-based phantoms and polyvinyl alcohol based
phantoms. © 2007 Acoustical Society of America. �DOI: 10.1121/1.2793605�
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I. INTRODUCTION

For almost two decades, the study of shear wave propa-
gation in soft media became of a peculiar interest in the
ultrasonic medical imaging community, especially in the
field of dynamic elastography.1–3 Methods such as
sonoelastography4,5 or transient elastography6,7 have shown
their efficiency to determine the elastic properties of biologi-
cal soft tissues. However, to date, advanced techniques in
that field have been concentrated on the estimation of the
second order elastic modulus ���. In order to better under-
stand pathologies, new refinements were developed to study
other mechanical parameters such as anisotropy,8

viscoelasticity,9,10 or nonlinearity.11 Transient elastography is
one of the most efficient approaches, as it images in real time
the transient propagation of shear waves in soft media using
ultrafast echographic scanners. Based on this concept, three
possible ways to quantify nonlinearity in soft solids: Propa-
gation of shocked shear waves,12 nonlinear interaction be-
tween shear waves13 and acoustoelasticity.11

The acoustoelasticity theory in solids has been first es-
tablished by Hugues and Kelly in 195314 using the second
order and third order elastic coefficient. These parameters
come from the expansion of the strain energy density as a
function of the invariants of the strain tensor in “Lagrangian”
coordinates.15 The third order moduli can also be expressed
as a function of the Landau coefficients �A, B, C�.16 Experi-
mentally, acoustoelasticity consists of measuring the speed of
acoustic waves in stressed solids. The third order moduli are
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deduced from the slope of the ultrasonic waves velocities as
a function of the uniaxial stress or of the hydrostatic pressure
applied to the sample. However, acoustoelastic analysis has
usually been applied to compressible engineering materials.
From our knowledge, regarding soft solids, biological tissues
or “nearly” incompressible materials, only few works have
been developed on the acoustoelasticity theory for hyperelas-
tic media17,18 or on the nonlinear properties of tissue-like
phantoms.19

In a recent paper, shear wave propagation theory in soft
solids brought new ideas in the field of elasticity theory.
Hamilton et al.20 suggested a new expression of the elastic
energy density. Applied to nonlinear shear wave experiments
reported in Ref. 12, Zabolotskaya et al.21 obtained a straight-
forward nonlinear equation where only three elastic coeffi-
cients are involved. In this paper, this approach is applied to
the field of acoustoelasticity. It results in evolution equations
for shear waves in stressed incompressible media that depend
on only two elastic coefficients.

In a previous paper,11 we proposed the estimation of the
shear wave speed in a medium submitted to an uniaxial
stress, using the one dimensional �1D� transient elastography
technique.8 In these soft solid acoustoelasticity experiments,
there were two main difficulties. First, it was difficult to
obtain a uniform and constant uniaxial stress, as the stress
field in the samples was highly dependent on the boundary
conditions. The experimental setup has been improved by
using a cylindrical phantom and a mechanical guide to
insure a vertical direction of the applied loads. Second, in
the 1D transient elastography approach, cylindrical shear
waves were generated by giving a low frequency pulse

��100 Hz� at the surface of the phantom with a point source
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�the transducer itself�. Thus, in the near field coupling be-
tween longitudinal waves and shear waves were nonnegli-
gible. Moreover, model equations were established for plane
waves, so experimental assessments were biased by strong
diffraction effects. Consequently the experimental set-up has
been enhanced by replacing the mechanical vibrator by the
acoustic radiation force technique as a shear wave source.22

This technique enables the controlled generation of quasi-
plane shear waves in the medium by focusing an ultrasound
beam successively at several depths in the medium thus gen-
erating several in-depth sources of shear waves. The elec-
tronic steering of the ultrasonic beam permits to move the
shear source at a higher speed than resulting shear waves
propagation speed leading to a supersonic regime. Thus, con-
trary to the 1D transient elastography, shear diffraction ef-
fects were strongly minimized and interaction between lon-
gitudinal waves and shear deformations were excluded.

In this paper, the theoretical background of the acous-
toelasticity technique is introduced in the first section to de-
duce the nonlinear shear coefficient A of soft solids. Theo-
retical equations derived in this section are compared with
the classical approach in solids. In the next section, the ex-
perimental setup and experimental results are described. Two
soft materials used as phantoms in medical imaging are
tested: agar-gelatin �AG� phantoms and polyvinyl alcohol
cryogel �PVA� phantoms. Finally, the experimental assess-
ments of the nonlinear shear coefficient are discussed.

II. THEORETICAL BACKGROUND

The general principle of acoustoelasticity is based on the
expressions of the speed of elastic waves in a uniaxially
stressed lossless solid. Basic equations are summarized as
follows. In “Lagrangian” coordinates �a , t� �a is the equilib-
rium position of the particle, t is the time�, equations of
motion are

�0üi =
�Pik

�ak
for 1 � i, k � 3. �1�

where �0, Pik, and u�̈ =�2u� /�t2 designate the density, the
Piola–Kirchhoff stress tensor �assuming Einstein summation
convention of repeated indices� and the particle acceleration
�second time derivative of the displacement u�, respectively.
The Piola–Kirchhoff stress tensor is given in Lagrangian co-
ordinates by23

Pik =
�e

�� �ui

�ak
� . �2�

where e designates the strain energy density which can be
developed up to the third order:

e = �I2 +
�

2
I1

2 +
A

3
I3 + BI1I2 + CI1

3. �3�

where �� ,�� are Lamé coefficients involved in the linear
behavior of the solid and �A ,B ,C� are third order elastic
coefficients of Landau, describing the quadratic nonlinear re-

sponse of the deformed solid. �I1, I2, I3� are invariants of the
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Lagrangian strain tensor defined by Landau and Lifshitz.23

Now let us consider the medium as incompressible. In
such a media, an alternative expansion of the strain energy
that permit separation of effects due to compressibility and
shear deformation was recently defined by Hamilton et al.20

and Zabolotskaya et al.21 Rather than express the strain en-
ergy in terms of invariants I1 , I2 and I3 as in Eq. �3�, one
choose instead to express the strain energy in terms of the set
of independent invariants IIIc, I2, and I3, where IIIc=�0

2 /�2 is
the third principal invariant of the Green deformation tensor.
Thus here in incompressible media, IIIc=1, and the strain
energy is

e = �I2 +
A

3
I3 + DI2

2, �4�

where D is the fourth order elastic constant. In the following
sections, only propagation of plane waves of small amplitude
will be considered, so fourth order terms will be neglected.

Developing the invariants using the strain tensor S̄ defined by

Sik =
1

2
� �ui

�ak
+

�uk

�ai
+

�ul

�ai

�ul

�ak
� , �5�

and according to Eq. �1�, one obtains the following expres-
sion of the equation of motion:

�0
�2ui

�t2 =
�Pik

�ak
= �� �2ui

�ak
2 +

�2uk

�ai � ak
� + �� +

A

4
�

�� �2ul

�ai � ak

�ul

�ak
+

�ul

�ai

�2ul

�ak
2 +

�2uk

�al � ak

�ui

�al

+
�2ul

�ak
2

�ui

�al
+ 2

�uk

�al

�2ui

�ak � al
� +

A

4
� �2uk

�ak � al

�ul

�ai

+
�uk

�al

�2ul

�ak � ai
� . �6�

In order to simplify further analytical developments, let
us consider now some important points. First, in an acous-
toelasticity experiment, two main displacements are in-
volved. The static displacement due to the uniaxial stress
applied and the dynamic displacement due to the propagation
of shear waves induced here by the acoustic radiation force
of the ultrasonic “palpating” beam. Moreover, shear strains
must be of small amplitude compared to the static deforma-
tion induced by the uniaxial stress �, which is the case ex-
perimentally here as ultrasonic radiation force induces very
small �micrometric� displacements. Thus, the displacement
can be expressed as the sum of the static displacement �u�S�
induced by the uniaxial stress and of the dynamic displace-
ment �u�D� due to the shear wave propagation:

u�TOT = u�D + u�S. �7�

Neglecting the nonlinear propagation of the shear wave
and static deformations of higher order �i.e., , i=1, 2, 3�, the

wave equation is written as
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D
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�ak
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+
�uk
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�2ul
D

�ak � ai
� . �8�

Second, for easier understanding and to simplify the cal-
culations, one can deal with linearly polarized plane shear
waves. For example, a plane wave that propagates along a2

axis is considered, with a particle motion restricted to a1

axis, according to those plotted on Fig. 1�a�. The particle
displacement in the wave is then expressed as u1

D�a2 , t�. For
sake of simplicity, the plane shear wave is characterized by
the two indices according to the following convention 12.
The first index corresponds to the direction of the shear dis-
placement induced by radiation force �direction of polariza-
tion of the shear wave� and the second index corresponds to
the axis of propagation of the shear wave. Let us chose the
uniaxial stress directed along the a2 axis. Then it comes:

�0
�2u1

D

�t2 = �
�2u1

D

�a2
2 + �2� +

A

2
�� �2u1

D

�a2
2 �� �u1

S

�a1
+

�u2
S

�a2
� . �9�

Third, because of the static uniaxial stress applied, three
states and their coordinates need to be distinguished: the
natural state, a, the initial state, x and the current state, y
related to shear wave propagation. It is useful to express the
acoustoelastic equations in the initial coordinates, which, be-
cause of the infinitesimal nature of uD coincide with the
laboratory �Eulerian� coordinates. For simplicity, one sup-
poses that the initial stress and strain are uniform and defined
by the static displacement uS: x=a+uS. The dynamic dis-
placement uD, due to wave propagation is defined by: y=x
+uD. The equation of motion for uD comes from develop-
ment around the initial state of Eqs. �1� and �2�. Then with
the change of variable, a→x, by neglecting again the terms
of higher order and by use of the chain rule, it comes in the

FIG. 1. �Color online� The three possible configurations generating �using
the acoustic radiation pressure� and detecting �with an ultrafast scanner� the
propagation of polarized shear waves in the phantom under uniaxial stress
��22�. The three resulting shear waves are designated as �a� 12 or 32, �b� 21
or 23, and �c� 13 or 31.
general case:
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�2ui
D

�ak
2 �

�2ui
D

�xk
2 �1 + 2

�uk
S

�xk
�,

�2uk
D

�ai � ak
�

�2uk
D

�xi � xk
. �10�

So for the plane wave u1
D�a2 , t�, the wave equation in the new

coordinates system becomes:

�0
�2u1

D

�t2 =
�2u1

D

�x2
2 	� + 2�� �u1

S

�x1
+ 2

�u2
S

�x2
�

+
A

2
� �u1

S

�x1
+

�u2
S

�x2
�
 . �11�

Finally by using the Hooke’s law24 and assuming an
incompressible medium �Poisson’s ratio �=0.5�, the spatial
derivatives of the static displacement are:

�u2
S

�x2
= −

�22

E
� −

�22

3�
,

�u1
S

�x1
=

�u3
S

�x3
=

��22

E
�

�22

6�
, �12�

where E is Young’s modulus. As one deals with compression
�opposite of the dilatation�, a negative stress was considered.
Then, the nonlinear elastodynamic equation is rewritten as

�0VS12
2 = � − �22�1 +

A

12�
� , �13�

with VS being the shear wave velocity.
According to the axis defined by Fig. 1, the result is the

same for the couple of indices 32. Regarding the other pos-
sible couples of indices, two more nonlinear elastodynamic
equations are obtained.

For indices 21 or 23 the shear wave velocity is then:

�0VS21
2 = � − �22� A

12�
� , �14�

and for indices 13 or 31:

�0VS13
2 = � + �22�1 +

A

6�
� . �15�

Note that Eqs. �13�–�15�, if the medium is unstressed
��22=0�, correspond to the classical shear wave propagation
equation in an isotropic media. Thus, the medium reveals an
anisotropic behavior resulting from the nonlinear effects.11,25

Moreover, changing the stress in Eqs. �13�–�15� is equivalent
to modifying the shear modulus ��� according to a linear
dependence with a linear slope defined by the shear modulus
��� and the third order nonlinear coefficient �A�.

With this approach, theory of acoustoelasticity in incom-
pressible media developed in this section of the present paper
is fully consistent with classical acoustoelasticity theories de-
fined in classical solids. For example, one can take as a com-
parison the theoretical framework developed by Hughes and
Kelly.14 Hughes and Kelly establish expressions for veloci-
ties of elastic waves in stressed solids using Murnaghan’s
theory15 of finite deformations and third order terms in the
energy. These expressions can also be expressed as a func-
tion of the Landau coefficient16 for plane shear waves under
uniaxial stress. Assuming the material incompressible, one
can use following statements: ��� and B=−K=−��+ 2

3��,26
the equations derived from Hughes and Kelly lead to Eqs.
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�13�–�15�. Similarly, using the theoretical approach of Thur-
ston and Brugger27 and summarized by Norris in Ref. 16,
Eqs. �13�–�15� can be retrieved.

Thus, the application of both previous theories �Hugues
and Kelly;14 Thurston and Brugger27� to incompressible me-
dia is consistent with Hamilton et al.20 and Zabolotskaya et
al.21 papers. With this theoretical approach, in the case of
soft solids, the separation of compressibility and shear defor-
mations is possible and shear velocities depend only on the
second and third order shear elastic moduli �� ,A�. The in-
fluence of second and third order elastic coefficients related
to longitudinal waves can be neglected. Therefore, compared
to expressions in isotropic and compressible medium,11 nei-
ther the third order Landau coefficients B and C �Eq. �3�� �B
is defined as the nonlinear coefficient of the coupling term
between shear and longitudinal waves and C is defined as the
nonlinear coefficient for longitudinal waves� nor � the sec-
ond Lamé coefficient �� is linked to the compressibility of
the material� have any effect on the determination of shear
velocities.

In the following section, as the supersonic shear imaging
technique enables the controlled generation of quasiplane
shear waves and the total discrimination in time between
shear and compressional deformations during the acquisition
due to the huge discrepancy between shear ��1 m s−1� and
compressional wave ��1500 m s−1� speeds; we will take ad-
vantage of these relationships �Eqs. �13�–�15�� to estimate
the linear and nonlinear elastic moduli �� ,A� in an acous-
toelasticity experiment.

III. MEASUREMENT SYSTEM

The experiments were performed on two kinds of quasi-
incompressible soft solids commonly used for the mimicking
of soft tissues: five AG phantoms and three PVA phantoms.

The five AG phantoms were prepared with different con-
centrations of gelatin and agar diluted in water �initially
heated at 50 °C� following a strict procedure earlier de-
scribed in Ref. 28. Two AG phantoms �GEL_1 and
GEL_4� were cylinders of 12.5 cm diameter and 15 cm
high, with a concentration of 3% by weight of agar �Agar,
Prolabo, Fontenay/Bois, France� and 5% and 15% by weight
of gelatin �Gelatin, Prolabo, Fontenay/Bois, France�, respec-
tively. The three other ones �GEL_2, GEL_3, GEL_5� were
cylinders of 12 cm diameter and 15 cm high with 3% by
weight of agar and 7%, 10%, and 8.5% by weight of gelatin,
respectively. The agar was used as scatterers and gelatin was
used as matrix.

PVA phantoms were constituted of 10% by weight of
PVA �polyvinyl alcohol hydrolyzed, Sigma-Aldrich, St
Louis, MO� dissolved in water. The solution container was
heated in hot water to 80 °C, and to minimize dehydration
the container was covered. 3% by weight of Sigmacell �Sig-
macell Cellulose type 20, Sigma-Aldrich, St Louis, MO� was
added to serve as scatterers. The three PVA phantoms were
cylinders of a 15 cm high and 12 cm diameter. PVA phan-
toms underwent two �PVA_1�, three �PVA_2� and five
�PVA_3� freezing–thawing cycle to polymerize them with a

29,30
certain level of elasticity as described in previous papers.
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In experiments, a rigid Plexiglas tank was added on top
of the phantoms and filled with different amounts of water
�e.g., with the agar-gelatin phantom GEL_4, from 0.3 kg
�weight of the Plexiglas plate and tank� to about 2.1 kg in
incremental steps of 0.3 kg step� to control the uniaxial stress
�Fig. 2�. The loading charges were adapted depending of the
phantom consistency. The Plexiglas tank and the phantom
support were parallel to make the stress as uniaxial as pos-
sible. Moreover coupling gel was applied at the top and at
the bottom of the phantoms to minimize friction effects be-
tween phantoms and supports.

Then, the 4.3 MHz ultrasonic array �128 elements,
0.33 mm pitch, 10 mm elevation, 60 mm elevation focus,
Vermon, Tours, France� was applied at three different posi-
tions surrounding the phantoms as described on Fig. 1 to
investigate the three possible shear wave propagations de-
fined in part II. So, the ultrasonic beam was two times per-
pendicular �Figs. 1�a� and 1�c�� and one time parallel �Fig.
1�b�� to the uniaxial stress. The ultrasonic array was con-
nected to an ultrafast scanner �the system was already de-
scribe in Ref. 31� and transmits ultrasound beams through a
wide layer of coupling gel, which did not induce significant
artifact on the applied uniaxial stress field.

To generate the radiation force, the ultrafast scanner was
used to create an ultrasound-focused beam in the phantom at
a chosen location �so called “supersonic push”�. The typical
ultrasound pulse was made of 500 oscillations at 4.3 MHz.
This corresponded to a “pushing time” of �120 �s. Just
after the generation of the “pushing” beam, the scanner be-
gan an ultrafast imaging sequence by sending plane-wave
insonifications at a high-frame rate �2000 Hz� in order to
catch the shear wave created by the supersonic push.22

In post acquisition, displacement fields were obtained by
1D cross correlation of beamformed RF signals stored with
the reference echo image.32 The results were a set of images
giving the displacement induced by the shear wave at each
sample time �Fig. 3�. In Fig. 3 one can also notice the effect
of the attenuation on shear waves. Nevertheless, the attenu-
ation is not relevant on the shear wave speed assessment
because the signal to noise ratio is high enough to allow a
good measurement of the displacements induced by shear
waves along the imaged plane �about 25 mm, Fig. 3�. The
use of an inverse problem based on the Helmholtz equation,

6,22

FIG. 2. Experimental set-up on a PVA phantom �PVA_2�. Two transducer
arrays are placed along the vertical axis of the phantom and at the bottom of
the phantom, in order to measure the shear waves propagation with the 21 or
23 �Eq. �19�� and the 12 or 32 �Eq. �18�� indices respectively. During this
experiment, the tank was incrementally filled with water in steps of 0.3 kg.
as described in previous papers, allowed us to map
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the shear wave speed. Then knowing the density ��0

�1000 kg/m3�, the shear modulus and its corresponding
standard deviation, for each stress applied, were retrieved by
taking the mean shear wave speed and its corresponding
standard deviation at all depth between 0 and 20 mm in
width �Fig. 4�.

IV. RESULTS

The experiments on AG phantoms and on PVA phan-
toms were gathered in Figs. 5 and 6 respectively. Figures 5
and 6 showed an increasing speed versus applied stress for
the shear wave propagating in the 13 plane and a decreasing
speed in the 12 plane. The shear wave speed in the 21 plane
was sometimes increasing and sometimes decreasing with
respect to the applied stress, so it has an influence on both
sign and value of the third order elastic coefficient �A�. At
the zero stress point for each data set, the shear Lamé coef-

FIG. 3. Experimental displacement field in agar-gelatin phantom �GEL_1�
at successive times after the “push”. The dotted line represents the axis of
the polarization of the shear source �the supersonic push on axis 3� and the
arrow the direction of propagation of the shear wave �axis 1�.

FIG. 4. Map of the shear wave speed for each position of the transducer
array, �a� 12 �equivalent to 32�, and �b� 21 �equivalent to 23�, and �c� 31
�equivalent to 13� in AG phantom �GEL_1� at zero stress. The point line
corresponds to the region of interest used for the estimation of the mean

shear wave speed and its corresponding standard deviation.
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ficient � was computed as the mean value of the moduli
measured for the three experimental configurations �Fig. 1�.
The values, summed up in Table I, show a good estimation of
the linear shear modulus with a maximum 9% standard de-
viation in AG phantoms and 2% in PVA phantoms. As pre-
sented in Figs. 5 and 6, the shear modulus evolution clearly
exhibits the appearance of an anisotropic behavior in all
phantoms. Moreover, the shear modulus was linearly depen-
dent with respect to the uniaxial stress in all materials as
expected in the theoretical framework. From a quantitative
point of view, the shear modulus affecting each quasi-plane
shear wave �12, 21, 13� increased or decreased respectively
with the following slopes �obtained from a least mean square
fit of the data�: GEL_1 �−0.56, 0.61, 0.26�, GEL_2 �−0.79,
0.25, 0.59�, GEL_3 �−1.55, −0.46, 2.03�,GEL_4 �−3.02,
−1.75, 3.71�, GEL_5 �−0.94, 0.05, 0.92�, PVA_1 �−0.48,
0.31, 0.55�, PVA_2 �−1.11, −0.10, 1.26�, and PVA_3
�−1.13, −0.23, 1.35�. One can notice that when the linear
shear modulus was higher, the value of slopes increased for
the 13 plane and decreased for the 21 and 12 planes in both
AG phantoms and PVA phantoms. Further, the slope for the

FIG. 5. �Color online� Experimental shear moduli as a function of applied
uniaxial stress for each axis of propagation investigated in agar-gelatin
phantoms. Four different phantoms with different gelatin concentration were
investigated: Gel_1 �5% by weight of gelatin�, Gel_2 �7%�, Gel_3 �10%�,
Gel_4 �15%� and Gel_5 �8.5%�. The slopes given by the dashed and solid
lines were obtained from a least mean square fit.

FIG. 6. �Color online� Experimental shear moduli as a function of applied
uniaxial stress for each axis of propagation investigated in PVA phantoms.
Three different phantoms, with different elasticity defined by the number of
freezing-thawing cycles applied �2, 3, and 5 cycles�, were investigated. The

slopes given by the dashed and solid lines were obtained using a linear fit.
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21 plane changed its sign with the stiffness of the material. In
all experiments, correlation coefficients of estimated slopes
using a linear fit were higher than 80% �except for two cases
in AG phantoms �48% and 10%� and one case in PVA phan-
toms �51%��.

Using Eqs. �13�–�15�, the experimental estimates of
shear modulus versus axial stress slopes enable the calcula-
tion of the nonlinear Landau coefficient A for all soft solids.
The mean value of A and its standard deviation were calcu-
lated from three independent values of A for each direction
of propagation. One can notice that the standard deviation of
A for all experiments in AG phantoms and PVA phantoms is
less than 28% excluding for the one softer PVA phantom
�43% in PVA_1�.

Regarding the results presented in Table I, the nonlinear
shear modulus A is plotted as a function of the shear modulus
� in Fig. 7. One can notice that A seems to evolve as an
exponential as a function of � for AG phantoms. For PVA
phantoms, no specific variation can be observed.

TABLE I. Elastic moduli measured in two different

Non

Materials

Linear shear
modulus �Lamé

coefficient � �kPa�
�mean value at 0

stress�
Indice o

propagation

Agar-gelatin
phantom 1

6.6±0.6 −35.0

Agar-gelatin
phantom 2

8.5±0.8 −21.5

Agar-gelatin
phantom 5

9.9±0.5 −7.1

Agar-gelatin
phantom 3

16.6±0.1 109.8

Agar-gelatin
phantom 4

19.2±0.1 466.4

PVA
phantom 1

4.1±0.1 −25.8

PVA
phantom 2

8.1±0.1 10.7

PVA
phantom 3

20.4±0.1 31.8

FIG. 7. �Color online� Experimental nonlinear shear moduli A as a function
of experimental shear modulus � for each phantom. In AG phantoms A
seems to evolve as an exponential, but no specific variation can be notice on

PVA phantoms.
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V. DISCUSSION

Results summarized in Table I confirm the fact that the
experimental setup gives three independent ways to estimate
the nonlinear coefficient A. Indeed, in the AG phantoms, es-
timates of A from the slopes obtained from shear wave ve-
locities are in very good agreement for the four last phan-
toms �the standard deviation is less than 20%�. AG phantom
GEL_1 exhibits a 26% standard deviation for the A coeffi-
cient. In the PVA phantoms, the agreement for the different
directions of propagation is also quite good: the standard
deviation of the A coefficient estimates inferior to 28% for
the two last phantoms. This can be explained by the difficul-
ties to perfectly control the setup with such very soft phan-
toms, which cannot be submitted to large stresses in order to
preserve their physical integrity, e.g., with a relatively large
stress the phantoms are destroyed under the weight of the
water tank. Nevertheless the same problem as in AG phan-
tom appears for the very soft phantom PVA_1. Moreover,
positioning the transducer array correctly with regards to the
axis of the uniaxial stress is not trivial, since one cannot
perfectly know the true spatial distribution of the uniaxial
stress. However, compared to others results already reported
in previous papers33 for metals, crystals or polystyrene,34

these experimental estimates of � and A in soft solids con-
firm the fact that the A Landau coefficient exhibits values
�kPa�, consequently much lower than in classical solids.

Comparing results obtain in AG phantoms and in PVA
phantoms, the shear modulus values are in the same range of
elasticity for both type of phantoms. However, the behavior
of the nonlinear coefficient A is quite different. For example,
if one compares the AG phantom GEL_2 and the PVA phan-
tom PVA_1, their shear moduli are practically the same
�8.5±0.8 kPa and 8.15±0.1 kPa respectively�. But the Lan-
dau coefficient A is negative in AG phantoms and positive in

olids.

r shear modulus �Landau coefficient A �kPa��

Indice of
propagation 21

Shear wave
indices 13 Mean value

−48.6 −29.4 −37.7±9.8

−25.6 −21.0 −22.7±2.5

−5.9 −4.8 −5.9±1.2

91.8 102.8 101.4±9.0

404.1 312.8 394.4±77.2

−15.4 −11.2 −17.5±7.5

9.7 12.6 11.0±1.4

56.3 42.8 43.6±12.2
soft s

linea

f
12
PVA phantoms. Moreover the range of elasticity of A is
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larger in AG phantoms �from −37.7 to 394.4 kPa� than in
PVA phantoms �from −17.5 to 43.6 kPa�. Once again, com-
paring AG phantom GEL_4 and PVA phantom PVA_3, the
shear modulus is quite identical but the A value is practically
10 times higher in AG phantom. Thus there is a big differ-
ence from the nonlinear point of view between these two
kinds of material even though their linear behavior is quite
similar.

The shear modulus at zero stress is determined by aver-
aging the three measurements in each direction. On the one
hand, the estimation of the shear modulus at zero stress in
AG phantoms exhibits a quite small 7% standard deviation.
The reason why the shear coefficient is not the same for all
directions, as it should be in an ideally isotropic medium, is
that the measurements were performed in the middle of the
sample. For example, let us consider a horizontal plane at a
given depth in the phantom with no uniaxial stress applied.
Above this plane, the own weight of the phantom induces
stress, which depends on the height of the column of the
upper part of the material. Consequently, a uniaxial stress
increasing with depth appears due to gravity effects. Thus,
the speed of the shear waves measured should increase with
depth. To confirm this argument, the shear wave speed was
estimated at several depths within an AG phantom �GEL_1
with 5% by weight of gelatin and 3% of by weight of agar�
from 2 cm top down to 10 cm with 2 cm steps. Resulting
values for the 13 direction �the transducer array was horizon-
tal� are summarized in Table II.

The shear wave speed increases as a function of the
height and confirms the influence of the gravity force. Re-
sults presented on Fig. 5 show that this effect is much less
pronounced as the gelatin concentration increases �and con-
sequently shear modulus at zeros stress�. On the other hand,
in PVA phantoms the standard deviation also decreases to
2%. So, PVA phantoms seem to be less submitted to gravity
effects. This is probably related to the internal structure of
PVA phantoms35 �polymer chains� more cross linked and
stiffer compared to the internal structure of AG phantoms36

�network of rigid gelatin rods�. Nevertheless, these gravity
effects do not affect drastically assessment of the third order
elastic coefficient.

From Eqs. �13�–�15� one can see that starting from an
isotropic solid the applied stress implies an anisotropic be-
havior of the material. In other words, modifying the stress is
equivalent to induce an apparent anisotropy in the medium
due to nonlinear effects. For a given stress one can define a
specific nonlinear anisotropy corresponding to a specific set
of different independent elastic constants ��12, �21, �13� de-
pending of the nonlinear coefficient. At zero stress, velocities

2

TABLE II. Shear wave speed �13 direction� in an AG phantom �5% by
weight of gelatin� at zero stress as a function of the height from the top of
the phantom.

Shear modulus
�kPa� 6.5±0.2 6.5±0.1 6.6±0.2 6.7±0.2 6.8±0.8

Height �cm� 2 4 6 8 10
correspond to an isotropic solid ��0Vij =�; i, j=1,2 ,3�. It is
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confirmed experimentally for PVA phantoms and the two
stiffer AG phantoms, as all lines converge towards the same
point at zero stress. However, for very soft solids, for ex-
ample GEL_1, GEL_2, or GEL_5, an initial anisotropy was
present due to gravity effects although the material was
isotropic. Under their own weight net force, phantoms were
naturally stressed and an apparent resulting anisotropy ap-
pears. In linear classical solids this kind of anisotropy was
corresponding to a hexagonal system,24 so called “transverse
isotropy” because two shear waves speeds are identical in the
plane defined by the polarization of the two waves; this
plane can be defined as isotropic �The shear wave speeds
assessed on the 21 and 13 direction were equivalent
�GEL_1 �21 2.66±0.06 m/s�, 13 2.64±0.03 m/s�, GEL_2
�21 3.00±0.08 m/s 13 3.00±0.02 m/s�, GEL_5 �21
3.20±0.41 m/s, 13 3.21±0.26 m/s��. Nevertheless, here the
apparent anisotropy cannot be defined because anisotropy is
defined with the symmetry of the second order elastic
moduli. For instance the anisotropy induced by the stress
effects must be distinguished from those caused by intrinsic
material anisotropy.16 Now, for a higher uniaxial stress �e.g.,
�22=1.2 kPa�, in each material, three different velocities are
observed �Figs. 5 and 6�. One can notice that nonlinear effect
increase the observed anisotropy and the behavior of the me-
dium is more complicated. These experiments interestingly
emphasize the fact that nonlinear effects significantly modify
the anisotropic behavior of soft solids.

Moreover one can notice that when � grows, A in-
creases going from a negative value to a positive one for
both AG phantoms and PVA phantoms. This is directly re-
lated to the slope variation of the shear wave speed along
direction 21 which changes of sign, from positive to nega-
tive, as a function of the shear modulus increase. Conse-
quently for certain shear modulus � at zero stress, e.g., a
certain concentration of agar-gelatin or a certain number of
freezing–thawing cycles in PVA phantoms, the nonlinear
shear modulus A is cancelled. Regarding Eqs. �13�–�15�, an-
isotropy can be also retrieved if the nonlinear coefficient A is
cancelled. In this specific configuration, the slope of the mea-
surement for the couple of indices 21 �Eq. �14�� is null. The
stress applied has no more effect on the shear wave velocity.
But stress still induces anisotropy for both other couple of
indices �Eqs. �13� and �15��. Shear wave velocity in the 13
direction increases whereas shear wave velocity in 12 direc-
tion decreases with the applied stress. In fact, such an A=0
assumption means that the third invariant of the Lagrangian
strain tensor I3 has no effect in the development of the strain
energy �Eq. �4�� �if one considers only the development of
the strain energy at the third order�. So, in that particular
configuration, the only contribution to nonlinearity is the
quadratic term from the strain tensor, also known as the geo-
metric nonlinearity.

From Fig. 7, one can notice that the nonlinear parameter
A seems to evolve as an exponential regarding to the shear
modulus for the AG phantoms and it seems not to be the case
for the PVA phantoms. These effects can be intuitively ex-
plained by the differences between microstructures of both
materials. On the one hand, the elasticity results from the

response of the polymeric filaments between cross-links,
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from alterations in the network structure, or both.37 On the
other hand, the principles responsible for the nonlinear elas-
ticity due to the microstructure are unknown, theories show
that systems of filamentous proteins arranged in an open
crosslinked mesh invariably stiffen at low strains without
requiring specific architecture or multiple elements with dif-
ferent intrinsic stiffness.38 Such behavior could be strongly
interacting in such PVA phantoms known to contain
crosslinked filaments. Moreover, as a comparison in classical
solids such as glasses, the different constituent of the glasses
used in the experiments can be related to velocity variations
observed for both longitudinal and transversal waves in an
acoustoelasticity experiments.39,40 However, the understand-
ing of the behavior of the nonlinear shear modulus �A� as a
function of the shear modulus ��� needs further investiga-
tion.

VI. CONCLUSION

In this paper, a fast, simple, reproducible and robust
method based on the supersonic shear imaging technique
was used to revisit the acoustoelasticity experiment in order
to characterize the nonlinear shear behavior of soft solids.
This ultrasound-based technique enables both the remote
generation in soft solids of quasiplane polarized shear waves
and the ultrafast imaging of their resulting propagation. It
enables the local assessment �or mapping� of the third order
shear elastic coefficient A. Using an expression of the strain
energy derived by Hamilton et al.20 and Zabolotskaya et al.21

in quasiincompressible media, this third order coefficient can
be estimated from a single ultrasonic experiment. Instead of
measuring shear wave speeds for three different polarizations
in order to completely determine the nonlinearity of standard
solids, one single polarization experiment under a varying
applied uniaxial stress is sufficient in soft solids to charac-
terize the nonlinear shear elasticity. It means that in vivo
assessment of this parameter could be feasible within the
framework of the supersonic shear imaging approach.
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