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Negative Transient Flux in the Near Field of a Subwavelength Source
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The emission of waves by a small source is a generic wave problem that has long been thought to be
well studied. Here, we report the experimental observation that the energy flux of an outgoing sound wave
emitted by a deep-subwavelength-sized source can become negative, which indicates the backward flow
of energy. Such a negative transient flux exists, even in a homogenous medium, but is only observable in
the time domain and in the extreme near field of the source. By wave-impedance analysis, we show that
such a phenomenon is fundamentally rooted in the geometry of the wavefield itself and, hence, is generic.
Our findings have implications in the time-dependent emission, absorption, and scattering of waves.
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Waves naturally spread out in space, making them
an excellent carrier of energy and/or information. Con-
sequently, waves are one of the backbones of modern
technologies. As a common practice, wave phenomena
are often analyzed in the Fourier domain. Fourier anal-
ysis is advantageous in handling steady states, but it
inevitably clouds any interesting transient phenomena. A
prime example is the time-reversal refocusing of waves
[1], which not only focuses wave energy to a specific
spot in space but also temporally recompresses the time-
reversed codas to a short pulse. Recent investigations also
show that temporal modulation of the properties of wave-
sustaining media can produce a wide variety of effects that
are out of reach for any static media [2—11]. These dis-
coveries have sparked the recent resurgence of revisiting
familiar realms in wave physics from the time domain.

In a typical application scenario, a wave is emitted by
a source, then travels through some medium before it is
detected or absorbed by a receiver. As the first step of this
process, the emission of waves by a source is no doubt
of great importance, as it underlies the field of antenna
designs. The emission process is also fundamentally linked
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to scattering events because the Huygens-Fresnel princi-
ple regards scattering as secondary emission by scatterers
under the illumination of incident waves [12]. Hence, the
emission problem is also at the center of wave-medium and
interface engineering, such as metamaterials and metasur-
faces [13—21]. It is therefore a worthy effort to reexamine
the emission problem from the temporal perspective. A
theoretical study reported the possibility of negative tran-
sient flux (NTF) in the vicinity of a point source emitting
a spherical wave [22]. This surprising effect has not been
verified in observations to date. Here, we investigate,
through both theory and acoustic experiments, the transient
emission of a wave by a source of deep-subwavelength
size in a homogenous medium (air). We report the success-
ful experimental observation that, in the near field of the
source, the energy flux of the supposedly outgoing wave
can become negative for short durations. This indicates
the existence of a backward flow of energy towards the
source, as schematically shown in Fig. 1(a). The effect is
further explained by using local wave impedance, which
reveals its root in the geometry of the wavefield itself. Our
demonstration is performed in cylindrical geometry, but
the effect is general for emissions in both two dimensions
and three dimensions (3D). Although the investigation is
carried out with acoustic waves, the NTF is a generic
transient phenomenon that also exists for other types of
waves.

We begin by considering the time-domain causal Green
function for a two-dimensional (2D) acoustic field in a
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FIG. 1. (a) Schematic drawing showing the emission by a

point source (small black dot). In the near field, energy flux can
become negative in the time domain, as indicated by red arrows
pointing at the source. In the far field, energy flux is always out-
going (blue arrows). (b) Short-pulse signal emitted by the point
source covering 100600 Hz. (c) Energy fluxes, ¢ (), at different
distances from the source. NTF is identified and filled with red
color. Zero of the time axes coincides with the emission’s peak.

homogeneous medium:
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where x’ and ¢ are the spatial and temporal coordinates
of the point source, respectively; ¢ is the speed of sound;
and O is a step function. We choose polar coordinates for
the spatial dimensions. For convenience, the position of
the point source is chosen as the origin, so that the entire
system is cylindrically symmetric. The emitted temporal
signal is given by
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The acoustic pressure signal received by a detector at dis-
tance r from the source is then given by the Green function

[Eq. (D]:
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The velocity field, v, and pressure field, P, are related by

v
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which yields v(r,f) = — % [ VP(r,t)dt, where py is the
mass density of the medium. We can then obtain the energy
flux, ¢, at r:

<Z(r, f) = %P(r, H(r,dx = 2w rP(r,Hv(r, )7,  (5)
L

where the integration loop, L, is a closed circle with radius
r, and 7 denotes the radial unit vector.

Consider the emission of a short pulse, s(z), by the
point source in a background of air (py = 1.29 kg/m?,
co = 343 m/s), which has a flat-frequency coverage over
[fo, f1]. We take fo = 100 Hz and f; = 600 Hz, as shown in
Fig. 1(b). We examine the energy flux, ¢ (f), obtained from
Eq. (5) at two different positions, » = 20 and 500 mm, as
shown in Fig. 1(c). It is seen that, for » = 20 mm, which is
in the near field of the source, the flux can be negative. (The
shortest wavelength is 57.2 cm.) According to Eq. (5), a
negative-valued flux indicates that the direction of energy
propagation is antiparallel to 7, which points away from
the source. This means that some emitted energy does
not immediately leave the near-field region of the source.
Instead, it travels backward. This effect disappears further
away from the source (» = 500 mm), where the flux is
always positive.

We experimentally verify this finding by measuring the
temporal emission of a small source. We construct a 2D
acoustic waveguide by lifting a square board over the floor
[Fig. 2(a)]. A loudspeaker is connected to a small hole
with radius R = 1.5 mm drilled at the center of the board.
The hole is deep subwavelength in size, so that it can be
regarded as a point source. Anechoic sponges covered the
waveguide’s boundaries to minimize reflection. As loud-
speakers are usually not effective in generating short sound
bursts, we use the pulse-compression technique [23,24]
to synthesize the same pulse used in the above discus-
sion. Specifically, we send a relatively long linear chirp
signal, g(f), to the loudspeaker by using a waveform
generator (Keysight 33500B). Here, g(¢) = sin[ (bt + fp){]
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FIG. 2. (a) Experimental setup, which is a 2D waveguide of

5.6 cm thickness. (b) Measured time-dependent energy flux at
r = 20 and 500 mm. NTF is seen only for » = 20 mm.

with & = (fi — fo)/T and f; = 100 Hz, f; = 600 Hz, and
T = 0.1 s being the chirp duration. The detector then also
receives a long train of signal 4(r, £), which is then math-
ematically cross-correlated with g(¢), giving #'(r, ) =
g(t) * h(r,7) = [ g(v)h(r, T + t)dr, wherein 7 is a
dummy variable to be integrated over and x denotes

cross-correlation.  Since h(r,t) = f:? G(r,t;)g{)dt,

W(r, 1) = [0 GGr,1;0)[g(r) » g(v)]dr, which contains
the autocorrelation of the chirp, g(t). The autocorrelation
compresses g(7) to a sharp pulse as s(') = g(1) x g(t) =
ff;o g(t)g(t + ¢)dr, which contains the same Fourier
components [fy,f1]. Hence, #'(r, ) is the time-domain
impulse response at r, which is what we aim to measure.
Then, to obtain the acoustic flux, we use a PU probe (Nan-
jing Particle Acoustics AVS-PU-1), which simultaneously
measures both pressure and velocity of the source field.
The PU probe is inserted into small ports at different dis-
tances away from the source. The measured signals are
recorded on an oscilloscope (Keysight DSO2024A). From
the measured results, the time-dependent energy flux can
be straightforwardly obtained using Eq. (5). The results are
plotted in Fig. 2(b). As the Green function predicts, NTF
indeed occurs in the near field of the source.

So far, we have theoretically established and experimen-
tally verified that the energy flux could become negative
in the vicinity of a point source. This result emerges in
arguably the simplest wave system that consists of a homo-
geneous medium in the presence of a point source. It does

not require any engineering of the medium or any structur-
ing of the source. Hence, it must be an intrinsic property of
waves. The reason behind such a phenomenon lies in the
geometry of the wavefield itself. To show this, we analyze
a monochromatic diverging circular acoustic wave [25]:

P =H)" (kr)e ", (6)

where Hi(l) (kr) is the ith Hankel function of the first kind.
The impedance of an outgoing circular acoustic wave is

P iH" (kr

2=" 22,000, ™)
H (kr)
where the velocity, v, is obtained from Eq. (4), and Z, =
poco denotes the characteristic impedance of the back-
ground medium (air). Equation (7) clearly shows that the
impedance is a complex function of k7. We expand Eq. (7)
and obtain

7 = Zokr [% +i(y —In2+1n kr)] + Z,0[(k)?], (8)

where y & 0.577 is the Euler-Mascheroni constant. Z
becomes purely imaginary when r — 0, with Arg(Z) =
—m /2, as shown in Fig. 3(a). This result indicates that
the pressure, P, and velocity, v, have a local phase mis-
match of —m/2 immediately after emission. Comparing
Egs. (7) and (5), it becomes clear that the cause of the NTF
is also the phase difference between P and v, which ulti-
mately results from the circular geometry of the wavefield.
On the other hand, the argument of Z approaches zero for
large kr. This is expected because, when the wavefront’s
radius is large compared with the wavelength, locally it
becomes indistinguishable from a plane wave. The plane-
wave impedance, as defined in Eq. (7), is always a real
function. Consequently, the flux of the outgoing wave
resumes positive far away from the source.

To verify the above analysis, we also experimentally
obtain the argument of Z by using the PU probe to simulta-
neously measure the phase of P and v in the 2D sound field.
Because a phase factor is better defined in a monochro-
matic wave, we choose to emit a train of sine signals at
700 Hz from the source. The measured results align well
with the theoretical prediction [Fig. 3(a)]. Slight deviations
at large kr are attributed to the small amount of reflected or
scattered waves.

Impedance analysis also implies that the NTF should
also exist for a monochromatic wave. This is verified in the
results shown in Figs. 3(b) and 3(d). The NTF is clearly
seen at » = 20 mm, and it exists for every cycle of the
sinusoidal wave, further proving that the phase mismatch
between P and v is the cause. Again, as the observation
point moves away from the source, the amount of NTF
diminishes rapidly. The fluxes’ behaviors are also shown
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FIG. 3. (a)Argument of impedance as a function of kr. (b) Measured temporal fluxes at different locations. Theoretical (c) and

measured (d) energy fluxes as functions of 7 and ¢. Data in (d) are an interpolation of measured data on the r axis. (¢) Ratio (1) between
negative and positive time-averaged fluxes. Emission is a 700-Hz sine train.

in the spatial-temporal map [Figs. 3(c) and 3(d)]. The time
average of the negative and positive fluxes can be further
obtained, and their ratio, n, is plotted in Fig. 3(e). We also
derive the time-averaged net flux, i.e., the sum of negative
and positive fluxes:
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where 02 denotes some circle centered at the source. The
result is positive and is independent of r, which is consis-
tent with the conservation of energy. The positive net flux
also indicates that the phase difference between P and v
cannot exceed 4 /2. This is guaranteed by causality for
an emission process, in which the energy must eventually
move away from the source.

We note that the NTF does not require any engineering
to the source or the medium, which suggests that it is a
generic and universal phenomenon observable for waves
other than sound. In 3D, an outgoing spherical wave emit-
ted by a source at the origin is P3p = (e /kr)e™'®'. The
corresponding impedance is

P 22 ik
zmzﬂzzo( _ ) (10)

U3p 1+ k22 1+ k22

which is also complex [26]. Arg(Zs;p) behaves similarly,
with circular-wave impedance, for both » — 0 and r being
large, suggesting the existence of the NTF in 3D, which
aligns with a previous analysis [22].

Our findings have several implications. First, we recall
that evanescent waves can transfer power in directions dif-
ferent from the propagating waves [27-30]. The NTF is
related to the complex role of evanescent waves in an emis-
sion because it occurs only in the near field of a source.
Second, the NTF is observed as the dwelling of energy for
a short amount of time before eventually leaving for the
far field, which can be a limiting factor of radiation effi-
ciency. Radiation efficiency can be improved by the Purcell
effect [31,32] by engineering the local density of states.
Our results suggest an alternative route by considering the
time dependence of the emission. It further raises the ques-
tion of whether there is an optimal temporal form for the
signal that minimizes the NTF, so that the energy leaves
hastily without dwelling in the near field. Another question
is how to gain control of the temporal flux by engineer-
ing the geometry of the source, the impedance of the
surrounding medium, or the source’s evanescent compo-
nents. On the other hand, the existence of the NTF implies
a “rebounce” of energy for the focusing of a converg-
ing wave, which is the time-reversed process of emission.
Such a rebounce prevents the converging wave from car-
rying all its energy and information to within the near field
around the focal spot. Therefore, the rebounce may offer
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yet another perspective on the diffraction limit observed
for time-reversal refocusing. (Other explanations include
the loss of high spatial-frequency components in the form
of evanescent waves [33] and interference between incom-
ing and diverging waves [26,34].) Minimizing the flux
rebounce can even lead to better designs of absorbers and
detectors [26,35]. Lastly, impedance analysis shows that
the NTF and its properties are intrinsically underpinned by
geometry and causality. This shows a fundamental differ-
ence between waves with curvilinear wavefronts and plane
waves, since the NTF is absent in the latter. The NTF also
cannot exist in one dimension in a homogeneous medium.
However, it is possible to engineer the medium to induce
the NTF. It may even be possible for some metamaterial to
locally induce an equal amount of time-averaged negative
and positive fluxes —a scenario that may be useful for wave
confinement or energy-storage applications. How to obtain
such a medium and what other properties it possesses are
fascinating questions for future works.
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